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1. INTRODUCTION 
In this paper we prove the following theorem, which extends results of Kirwan and others to 
the case of orbifolds. Recall that a subset A of a vector space I/ is polyhedral if it is the 
intersection of finitely many closed half-spaces, and is locally polyhedral if for any point 
XIZA, there is a neighborhood U of x in I’ and a polyhedral set P in V such that 
UnA = UnP. 
THEOREM 1.1. Let (M,o) be a connected symplectic orbifold with a Hamiltonian action of 
a compact Lie group G and a proper moment map Q: M -+ g*. 
a. Let tT be a closed Weyl chamberfor the Lie group G considered as a subset of g*. The 
moment set A:= @(M)ntf is a convex locally polyhedral set. In particular, if M is 
compact then A is a convex polytope. 
b. Each fiber of the moment map @ is connected. 
The non-abelian convexity and connectedness theorem has numerous applications in 
symplectic geometry: For example, it is used in the classification of Hamiltonian G- 
orbifolds, in geometric quantization, and in the study of the existence of invariant Kahler 
structures. We also extend to orbifolds a theorem of Sjamaar [24]: 
THEOREM 1.2. Let (M, CO) be a connected symplectic orbifold with a Hamiltonian action of 
a compact Lie group G and a proper moment map @: M -+ g*. Then the quotient map 
M/G + @(M)nt ? is open. That is, for every m E (I- ‘(t T ), and every G-invariant neighborhood 
U of m in M, the image @(U)ntr is a relatively open neighborhood of Q(m) in @(M)ntz. 
Together with the symplectic slice theorem, Sjamaar’s result shows that the shape of the 
moment set near a point x E A is determined by the isotropy representation at any point in 
the fiber @- l(x). For an application, see Karshon-Lerman [13]. 
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Convexity theorems in symplectic geometry have a long history. For the action 
of a maximal torus on a coadjoint orbit Theorem 1.1 was proved by Kostant 1163, 
extending previous results of Schur and Horn. This was generalized to the actions 
of subgroups by Heckman [9]. For Hamiltonian torus actions on manifolds the theorem 
was proved independently by Atiyah [l] and by Guillemin and Sternberg [7]. In 
the non-abelian case Guillemin and Sternberg proved that the moment set is a union 
of convex polytopes and that it is a single polytope for a Kahler manifold. The convexity in 
the Kahler case was independently proved by Mumford [22]. The first complete proof 
for Hamiltonian actions of non-abelian groups on manifolds was given by Kirwan 
[15], using Morse theory of the Yang-Mills functional and results of Guillemin and 
Sternberg. 
Since Kirwan’s proof appeared, there have been several new approaches leading to 
extensions of the result. The techniques of Condevaux-Dazord-Molino [3] and Hilgert- 
Neeb-Plank [ 1 l] give a proof which also applies to actions on non-compact manifolds with 
proper moment maps. Sjamaar [24] offers a proof in the compact case which also gives 
information on the vertices of the polytope. Flaschka-Ratiu [4] extend the result to the 
setting of Poisson geometry. Brion [Z], Sjamaar [24], and Heinzner-Huckleberry [lo] 
discuss extensions in algebraic and Kihler geometry. 
Our motivation for offering a new proof is twofold. First, Theorem 1.1 generalizes the 
result from manifolds to orbifolds; this category is important in symplectic geometry 
because, generically, the symplectic quotient of a symplectic manifold is an orbifold. 
Secondly, our proof is conceptually very simple. The first step is to generalize the abelian 
version of the theorem to certain non-compact orbifolds. The key idea is to apply the 
technique of symplectic utting [14] to reduce to the compact case. In the second step we 
reduce the non-abelian case to the abelian case by means of a symplectic ross-section, as in 
c3, 11, 41. 
In Meinrenken-Woodward [21] the methods of this paper are used to prove convexity 
and connectedness properties for Hamiltonian loop group actions with proper moment 
maps. Results of this type were observed by S. Chang several years ago. 
2. SYMPLECTIC CUTS 
We begin by recalling the definition of a Hamiltonian action on a symplectic orbi- 
fold. An or&fold M is a topological space 1 A4 1, together with an atlas of uniformiziny 
charts (0, r, q), where 0 is open subset of [w”, cp(o) is an open subset of ( A4 1, r is a 
finite group which acts linearly on 0 and fixes a set of codimension at least two, 
and cp : 0 + 1 M ( induces a homeomorphism from O/F to ~(0) c 1 MI. Just as for mani- 
folds, these charts must cover 1 M 1; they are subject to certain compatibility conditions; 
and there is a notion of when two atlases of charts are equivalent. For more details, see 
Satake [23]. 
A smooth function on M is a collection of smooth invariant functions on each 
uniformizing chart (0, F, cp) which agree on overlaps of the images cp( 0). Differential forms, 
vectors fields, and other objects can be similarly defined. There is also a notion of 
morphisms (maps) of orbifolds. 
Let x be a point in an orbifold M, and let (0, I-, cp) be a uniformizing chart with x E o/F. 
The (orbfold) structure group of x is the isotropy group F, of %E 0, where cp(?) = x. The 
group F, is well defined as an abstract group. The tangent space to x” in 0, considered as 
a representation of F, is called the uniformized tangent space at x, and denoted by TX M. The 
quotient TxM/rx is T,M, the fiber of the tungent bundle of M at x. 
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Let G be a compact connected Lie group with Lie algebra g. A smooth action a of G on 
an orbifold M is a smooth orbifold map a: G x M + M satisfying the usual laws 
for an action. Given an action of G on M, every vector 5 E g induces a vector field & on M. 
A symplectic orbifold is an orbifold M with a closed non-degenerate 2-form w. A group 
G acts symplectically on (M,o) if the action preserves u. A moment map for a symplectic 
action of a group G is an equivariant map 0: M + g’ such that 
is,,0 = - (do,, 5) for all tl E g. (1) 
If a moment map exists, we say that the action of G on (M,o) is Hamiltonian and refer to 
(M, CO) as a Hamiltonian G-space. If b E g* is a regular value of the moment map 0, then the 
orbifold version of the Marsden-Weinstein-Meyer theorem says that the quotient 
M,:= W ‘(b)/G, is a symplectic orbifold, called the symplectic reduction of M at b. For 
a proof, see [18]. 
We now recall the definition of the technique of symplectic cutting which was intro- 
duced in [17]. Let (M,w) be a symplectic orbifold with a Hamiltonian circle action and 
a moment map p: M + R. Suppose that E is a regular value of the moment map. Consider 
the disjoint union 
Mtc.a):= P-‘NE, a))~& 
obtained from the orbifold with boundary II-‘([E, co)) by collapsing the boundary under 
the S l-action. We claim that M,, =I admits a natural structure of a symplectic orbifold, in 
such a way that the embeddings of p- ’ ((E, co)) and M, are symplectic. Moreover, the 
induced circle action on M,, mj is Hamiltonian, with a moment map coming from the 
restriction of the original moment map ,U to {me M:p(m) > E}. 
Definition 2.1. We call the symplectic orbifold MC_) the symplectic cut of M with 
respect o the ray [E, co) (with symplectic form and moment map understood). 
To see that the claim holds consider the product M x C of the orbifold with a complex 
plane. It has a natural (product) symplectic structure: o + ( - i)dz A df. The function 
v:Mx@+Rgivenbyv(m,z)=~(m)-lzl ’ is a moment map for the diagonal action of the 
circle (it commutes with the original action of the circle on M). The point E is a regular value 
of ,LL if and only if it is a regular value of v. The map 
{me M:p Z E} + V-‘(E), m ++ (m, JSF4 
descends to a homeomorphism from the cut space MC,,,) to the reduced space V-‘(s)/Sr. 
Moreover the homeomorphism is S’-equivariant and it is a symplectomorphism on the 
set {p > E}. 
Example 2.2. Consider the complex plane @ with symplectic form -i dz A dZ, and let 
a circle U( 1) = {z E C : 1 zI = l} act by multiplication. The moment map is p(z) = - I z 1’. The 
symplectic cut of @ at E < 0 is a two-sphere. 
This construction generalizes to torus actions as follows.* Let 11: M + t* be a moment 
ma.p for an effective action of a torus T on a symplectic orbifold (M, CO) and let & c t denote 
’ See [ZO, 251 for the generalization to non-abelian actions. 
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the integral lattice. Choose N vectors UjE /, 1 <j < N. The form o - icy= I dzj A dzj is 
a symplectic form on the orbifold A4 x CN. The map v: A4 x CN -+ RN with jth component 
is a moment map for a (S’)N action on A4 x CN. For any b E RN, define a convex rational 
polyhedral set 
P = {XEt*l(XyOi) 3 bi for all 1 < i < IV}. 
The symplectic cut of M with respect to a rational polyhedral set P is the reduction of M x cN 
at b. We denote it by MP. 
Remark 2.3. If b is a regular value of v, then Mp is a symplectic orbifold. Note that 
regular values are generic. Thus, for an intersection P of finitely many rational half-spaces of 
t* in general position the cut space Mp is a symplectic orbifold. Note that if P is a compact 
polytope, then the fact that P is generic implies that P is simple: the number of codimension 
one faces meeting at a given vertex is the same as the dimension of P. 
There is a natural decomposition of Mp into a union of symplectic suborbifolds, indexed 
by the open faces F of P: 
MP = u P-‘VW’-F 
F 
where TF c T is the torus perpendicular to F. That is, the Lie algebra of TF is the annihilator 
of the linear space defined by the face F. Thus, one can think of Mp as p-l(P), with its 
boundary collapsed by means of the TF-actions. Under this identification, the T-action on 
M descends to a T-action on Mp. One can show that this action is smooth and Hamil- 
tonian, with moment map ,up induced from the restriction ,B[ p- ‘(P). In particular, 
PLPWP) = POW+‘. 
It follows immediately that the cut space Mp is compact exactly if p- l(P) is. Similarly Mp is 
connected if and only if p-‘(P) is connected. To summarize, we have the following result. 
PROPOSITION 2.4. Let ,u: M + t* be a moment map for an efSective action of a torus T on 
a symplectic orbifold (M, w). Let P c t* be a generic rational polyhedral set. Let 9 be the set 
of all open faces of P. Then the topological space Mp dejined by 
where TF c T is the subtorus of T perpendicular to F, is a symplectic orbifold with a natural 
Hamiltonian action of the torus T. Moreover, the map pp: Mp -+ t*, induced by the restriction 
pip-l(P), is a moment map for this action. Consequently, 
a. the cut space Mp is connected if and oniy if pi-‘(P) is connected; 
b. the fibers of pp are connected if and only ifjibers of ,u I ,L- ‘(P) are connected; 
c. Mp is compact if and only if p- ‘(P) is compact. 
3. THE PRINCIPAL CROSS-SECTION 
The main result of this section is the following theorem, which is a variation of results 
of [3,11,4]: 
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THEOREM 3.1. Let G be a compact connected Lie group, and M a connected Hamiltonian 
G-orbifold, with moment map 0: M -+ g*. 
a. There exists a unique open face o of the Weyl chamber t*+ with the property that 
@(M)no is dense in O(M)&:. 
b. The preimage Y = (I- ‘(a) is a connected symplectic T-invariant suborbijold of M, and 
the restriction (Dy of @ to Y is a moment map for action of the maximal torus T. 
c. The set G. Y = {g.mlgEG, rnE Y> is dense in M. 
We will refer to IS as the principalface and to Y = a- ‘(a) as the principal cross-section. 
3.1. Principal orbit type 
Consider a connected orbifold M, together with an action of a compact connected Lie 
group G. For each rnE M, let g,,, c g be the corresponding isotropy Lie algebra. Clearly, 
9s.m = Ad(g)&) f or all g E G. The set of subalgebras 
(gm) = {Ad(g)(gJgEG) 
is called the (infinitesimal) orbit type of m. As in the case of manifolds, each point m E M has 
a neighborhood U such that the number of orbit types (gm,), m’E U is finite and each g,,,, is 
subconjugate to g,,,, . 
PROPOSITION 3.2. There exists a unique orbit type (5) (called the principal orbit type) such 
that the set 
MC, = {mEMI(gA = (!I)> 
of points of orbit type (6) is open, dense and connected. 
Proof: The proof is an adaptation of the proof for manifold to orbifolds. The key point 
is that slices (Definition 3.6) exist for actions of compact groups on orbifolds [18]. 
Definition 3.3. For an action of a compact connected Lie group G on a connected 
orbifold M, we define the principal stratum Mprin to be the intersection of the set M,, of 
points of principal orbit type with the set Msmooth of smooth points of M. 
Remark 3.4. By definition, the set Msing of singular points of an orbifold M is a union of 
submanifolds of codimension at least 2. Therefore Msmooth is open, dense and connected, and 
SO is Mprin. 
Remark 3.5. Let M be a connected Hamiltonian G-orbifold. As in the case of manifolds, 
the definition of the moment map, eq. (l), implies that the image of the differential of the 
moment map at a point m is the annihilator of the corresponding isotropy Lie algebra g,,,. 
Consequently the restriction of the moment map to Mprin has constant rank. 
3.2. The cross-section theorem 
Theorem 3.8 below is a version of the cross-section theorem of Guillemin and Sternberg 
[S, Theorem 26.71 adapted to orbifolds. See also [S]. 
Definition 3.6. Suppose that a group G acts on an orbifold M. Given a point m in M with 
isotropy group G,, a suborbifold U c M containing m is a slice at m if U is G,-invariant, 
250 E. Lerman et al. 
G. U is a neighborhood of m, and the map 
Gx,~U~G.U, [a,u]~a.u 
is an isomorphism. In other words, G. yn U = G, . y and G, c G, for all y E U. 
Remark 3.7. Consider the coadjoint action of a compact connected Lie group G on g*. 
For all x E g*, there is a unique largest open subset U, c g: c g* which is a slice at x. We 
refer to U, as the natural slice at x for the coadjoint action. In order to describe the natural 
slice, we may assume without loss of generality that XE t: . Let z c t: be the open face of 
t? containing x and let G, denote the isotropy Lie group of x (the group is the same for all 
points of 7). Then 
U, = G,.{yEt:/G, c G,) = G,. u t’ 
7cx 
is an open subset of g:, and is equal to the natural slice U,. 
THEOREM 3.8 (Cross-section). Let (M,o) be a symplectic orbijold with a moment map 
a,: M -+ g* arisingfrom an u&ion of a compact Lie group G. Let x be a point in g* and let U be 
the natural slice at x (see above). Then the cross-section R:= m-‘(U) is a G,-invariant 
symplectic suborbifold of M, where G, is the isotropy group of x. Furthermore the restriction 
(DIR is a moment map for the action of G, on R. 
Proof. By definition of the slice, coadjoint orbits intersect U transversally. Since the 
moment map is equivariant, it is transversal to U as well. Hence the cross-section 
R = W’(U) is a suborbifold. Since the slice U is preserved by the action of G, and the 
moment map is equivariant, the cross-section is preserved by G,. It remains to show that for 
all r E R, the uniformized tangent space Tr;R is a symplectic subspace of T,M. Let y = Q(r), 
and let m be the G,-invariant complement of gx in g. Then TY U is the annihilator of m for 
any ye U. We claim that 
(a) the tangent space T,.R is symplectically perpendicular to mM(r) = {(Jr): t E m}, the 
subspace of the tangent space to the orbit through r spanned by m; 
(b) m,(r) is a symplectic subspace of TrM. 
Together the two claims establish the theorem because T,M = TVR @ m,+,(r). To see 
that (a) holds observe that for v E Tr R and 5 urn, 
44i&-), 4 = - (4, d%(u)) = 0 
since d@(v) E T, U = m0 and 5 E m. 
To see that (b) is true, observe that for <, q E g, 
wXM(r),rM(r)) = - (5,dR(ri&))) = <5,ad+(r).Q(r)> = - (Ct,rll,y). 
Thus mM(r) is symplectic if and only if ad+(m)y is a symplectic subspace of the tangent space 
TJG . y). Since G, . y c U and since m = (T, U)‘, for any 5 urn and any < E gx we have 
(CLIl,Y> = (t,ad+(Oy> = 0 
i.e., T,(G,. y) and ad+(m)y are symplectically perpendicular in TJG. y). Since 
T,,(G . y) = T,(G,. y)@ ad+(m) y, it remains to show that the orbit G,. y is a symplectic 
submanifold of the coadjoint orbit G . y. Since the natural projection n: g* + g: is G,- 
equivariant, x(Gx. y) = G, . n(y). By the definition of the symplectic forms on a coadjoint 
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orbit the restriction of the symplectic form on G. y to G,. y is the pull-back by rc of the 
symplectic form on the G, coadjoint orbit G,. n(y). 0 
Remarks 3.9. 
a. For the theorem to hold for a non-compact Lie group G one has to assume that 
a slice U exists at x and that the differential of the restriction to U of the projection 
g* -+ g: is surjective. 
b. The flow-out G. R is equivariantly diffeomorphic to the associated bundle G x G, R 
over the coadjoint orbit G . x. 
c. Let G be a compact connected group, and M a Hamiltonian G-orbifold, with moment 
map 0: M -+ g*. In various applications in this paper, we will use symplectic cross- 
sections to reduce statements about G-orbits in M to the case that the orbit is 
contained in the zero level set Q-‘(O). The general argument is as follows. Let 
mEQ’-‘(t:), and let z c tT be the open face containing x = Q(m). Let U, c g* be the 
natural slice and R, the corresponding natural cross-section, which is a Hamiltonian 
G,-space. Since G, contains the maximal torus, there is a unique G,-invariant 
decomposition 
where j(g~) is the center of g7, [gr, gr] its semi-simple part and m, a complement in g. 
Notice that j(gr) can be characterized as the fixed point set of the G,-action on g. It 
follows that the linear span of z is equal to j(gT)*. Since x = (@ jl R,)(m)E z c j(gr)*, 
one can shift the moment map 01 R, by x to obtain a new moment map 0: for the 
G,-action on R, for which m E (a:)- ’ (0). 
3.3. The principal face and cross-section 
Lemma 3.10 below is used to show the existence of the principal face. 
LEMMA 3.10. Let G be a compact, connected Lie group, and M a connected Hamiltonian 
G-orbifold, with moment map @: M ---f g*. 
a. For all m E Mprin, the isotropy Lie algebra gm is an ideal in ggC,,,) i.e., [g,,,, gQC,,,,] c g,,,. 
b. All points in the intersection W ‘(tT)nM,,i, have the same isotropy Lie algebra b c g. 
c. Given cxE~,(M,,i,)ntT let S be the affine subspace (a + b’)nt*, where IJ’ is the 
annihilator of Ij in g*. The intersection @(M,,i,)ntl is a connected, relatively open 
subset ofSnt*, . 
Proof (1) Consider first the case when @(Mp,i”) intersects j(g)*, the fixed point set for 
the coadjoint action of G. Let m be a point in @- ‘(j(g)*) and let h be its isotropy Lie algebra. 
Since the restriction @ 1 Mprin has constant rank by Remark 3.5, there exists a G-invariant 
open neighborhood U c Mprin of m, such that Q(U) c g* is a submanifold, and 
T,+,,,@(U) = d@,(T,,,M) = lj”. Since CD(m) is fixed by the coadjoint action, the tangent space 
T,{,,@(U) is G-invariant, which proves that b is G-invariant. Therefore, the isotropy Lie 
algebras of all points in the principal stratum Mprin are the same. This proves part (b) and (c) 
of the lemma in the special case, and also part (a) for the case cD(m) = 0. 
(2) We now reduce the general case to (l), using symplectic cross-sections. Given 
rnEW ‘(tl)nMprin, let z be the open face containing m(m), and R, be the corresponding 
natural cross-section. Denote by N the connected component of R, containing m. Then N is 
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a Hamiltonian G,-space, with moment map the restriction 01 N, and m lies in 
Nprin = NnM+. Since @(m)E z c 3(gz)*, (1) shows that g,,, is an ideal in g,+,), and that 
every point in Nprin has the same isotropy algebra. In particular, the isotropy algebra of 
points in CD- ‘(tT)nMPri, is locally constant. We claim that @- ‘(tT)nM,,i, is connected. 
Indeed, consider the natural surjective map 
7c:@‘-l(tf)nMprin + Mprin/G, m H G. m. 
The fiber of n over every point G. m E Mp,i”/G is equal to the intersection 
G.mn@-‘(t:) r G*(,,,). m, which is connected since GbcrnJ is connected. Since Mprin is 
connected, it follows that Mp,i”/G is connected. Thus 7t has connected target space and 
connected fibers, and it follows that 0- ‘(t T )nMprin is connected. This rest of the lemma is 
an easy consequence of the fact that the image of d0, is the annihilator of g,,,. 0 
Proof of Theorem 3.1. Let S c t* be the affine subspace described in Lemma 3.10, and 
g c t: the lowest dimensional face such that Sntf = Sn6. Since the moment map is 
continuous, the moment set cD(M)ntf is contained in the closure of @(M,,i~)nt~. By 
Lemma 3.10, O(M,,i,)ntf is an open subset of Sntf . It follows that Q(M,,i,)no is 
non-empty, and that the closure of o contains the moment set @(M)ntf . It is the smallest 
face with this property: for any face 5 with cD(M)nff c Z we have c c Z. Consequently 
Q(M)no = @(M)nU, where U, is the natural slice (Remark 3.7). Therefore, by the cross- 
section theorem, 
Y := Q,-‘(g) = @_‘(U,) 
is a symplectic Go-invariant suborbifold of M and Q’y := @ 1 Y: Y + o c U,, is a moment map 
for the action of G,. Let b be the stabilizer algebra of points in MprinnW ‘(t?). The linear 
space spanned by (T can be identified with the fixed point set 3(g0)* for the action of G, on 
gz, that is, with the annihilator of the semi-simple part, [gd, g,]“ngS. By construction of r~, 
we have lj”ngz c [gO,gO]“ngz, i.e., [gB,gb] c 6. This shows that the action on Y of the 
semi-simple part of G, is trivial, and that the moment map Q.y is a moment map for the 
action of the identity component of the center of G,. That is, the principal cross-section Y is 
a Hamiltonian torus orbifold. 
We have proved all the assertions of the theorem, except for the fact that G. Y is dense 
in M and that Y is connected. The complement o G. Y nMprin = @- ‘(G . a)nMprin in 
Mprin is equal to the union of (D-‘(G. T)nMprin over all z such that z c 6 and z # (T. By 
Lemma 3.11 below, these are all submanifolds of codimension at least three. If follows that 
removing these sets from Mprin leaves it dense and connected. Hence G . Y is connected and 
dense in M. Since the quotient map g * -+ t T defined by x H G . xnt !f is continuous, Q(Y) is 
dense in @(M)ntr. Since G. Y = Gx,~ Y (Remark 3.9.b) and since the coadjoint orbit 
G/G0 is simply connected, it follows that Y is connected. q 
In the proof we used the following Lemma. 
LEMMA 3.11. Let G be a compact, connected Lie group, and M a connected Hamiltonian 
G-orbifold, with moment map @: M + g*. Let z be a face oft? which is d@erent from the 
principalface o. Then the intersection @-‘(G ’ T)nMprin is either empty or is a submanifold of 
codimension at least 3 in Mprin. 
Proofi Let R, = W '(U,) be the natural cross-section corresponding to 7. Let 3(g,) be 
the Lie algebra of the center of G,. Let N be a connected component of RrnMprin such that 
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@(N)nz # 0. Let HEN, and h = g,,,. By Lemma 3.10,0[ N is a submersion onto an open 
subset of the affine space g$n(@(m) + lj”), which by assumption is not contained in j(gJ*. 
The fixed point set for the G,-action on g,*n(@(m) + lj”) is the proper affine subspace 
3(g,)*n(@(m) + 6”). Since G, is non-abelian, this subspace has codimension at least three. 
Notice that 3(gr)* can be identified with the linear space spanned by z. Since @ 1 N has 
constant rank, it follows that @‘-l(z)nM,,,, has codimension greater or equal than 3 in R,. 
By Remark 3.9.b this implies that 
a’-i(G.r)nM,,i, = G x C,(W1(~)nMprin) c G x c,R, 
has codimension at least 3 in Mprin. 0 
Remark 3.12. In the proof of Theorem 3.1, we have shown that the semi-simple part 
[go, gb] of gU, where 0 is the principal face, is contained in the principal stabilizer algebra 
h for points in M,,i,ncD-‘(t:). We also have h c gb, by equivariance of the moment map. 
Therefore, the commutators [lj,lj] and [go, g,,] are equal. It follows that the principal 
stabilizer algebra uniquely determines the principal face. 
4. HAMILTONIAN TORUS ACTIONS ON NON-COMPACT ORBIFOLDS 
The following theorem is due in the manifold case to Atiyah [l] and to Guillemin and 
Sternberg [7]. The proofs in the orbifold case are in [18]. Let T be a torus, t its Lie algebra, 
t* the dual oft and e = ker{exp: t + T} the integral lattice. A polytope in t* is rational if the 
faces of the polytope are cut out by hyperplanes whose normal vectors are in the lattice e. 
THEOREM 4.1. Let (M, o) be a compact, connected symplectic orbiJold, and let a: M + t* 
be a moment map for a Hamiltonian torus action on M. 
a. The image (D(M) is a rational convex polytope, and 
b. each fiber of 0 is connected. 
As we have seen, for non-abelian actions the principal cross-section need not be 
compact even if the original manifold is compact. Therefore to reduce non-abelian convex- 
ity to the abelian case we need to generalize Theorem 4.1 to include a class of torus actions 
on non-compact orbifolds with not necessarily proper moment maps. Instead, we require 
that the moment map Q: M --f t* is proper as a map into a convex open set U oft*, i.e., that 
Q(M) c U and that for every compact K c U the preimage Q-‘(K) is compact. This 
criterion is motivated by the following fact: if a Lie group acts on a symplectic orbifold with 
a proper moment map, then the induced moment map on the principal cross-section is 
proper as a map into the principal face. We extend Theorem 4.1 to this case by using 
symplectic cuts to “compactify” M. 
First we make an elementary observation. 
LEMMA 4.2. Let (M, w) be a compact, connected symplectic orbifold, and let a: M + t* be 
a moment map for a Hamiltonian torus action on M. Assume that CD is proper as a map into 
a convex open set U c t*. Then for any compact set K c U there exists a generic rational 
polytope P c U, such that K is contained in the interior of P. 
Proof For any point x E U there exists a polytope P, c U with rational vertices which 
contains x in the interior. The collection {int(PX): xE K} is a cover of K. Since K is compact 
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there exists a finite subcover int(P,,), . . . ,int(P*,). Take the convex hull P of the union 
P&V ..* UP,,. If P is generic, it is the desired polytope. If it is not, perturb it to be generic. 
THEOREM 4.3. Let (M, w) be a connected symplectic orbifold, and let 0: M + t* be 
a moment mapfor a Hamiltonian torus action on M. If @ is proper as a map into a convex open 
set U c t*, then 
a. The image a(M) is convex, 
b. each jiber of Q is connected, and 
c. if for every compact subset K oft*, the list of isotropy algebras for the T-action on 
W’(K) isjnite, then the image (D(M) is the intersection of U with a rational locally 
polyhedral set. 
Proof: a. Consider mo, ml EM. Since M is a connected orbifold, there exists a path 
y: [0, l] -+ M such that y(O) = m. and y(1) = ml. Since y([O, 11) is compact, by Lemma 4.2 
there exists a generic rational polytope P c U such that @(y(t)) is in the interior of P for all 
t E [0, 11. The points m, and ml are contained in the same connected component N of the cut 
space Mp. Let QN : N -+ t* be the induced moment map. Since (D,(N) is a convex polytope 
by Theorem 4.1, it contains the line segment joining @(mo) to @(ml). Since Q,,(N) c (D(M), 
this proves that O(M) is convex. 
b. A similar argument shows that if O(mo) = @(ml) = x, then m. and ml are contained 
in the same connected component of Co-‘(x), since the fibers of mN are connected by 
Theorem 4.1 and since for points x in the interior of P the fibers of Q and of Qp: MP + t* are 
the same (cf. Proposition 2.4). Therefore the fibers of @ are connected. 
c. For each x E Q(M), let 
C,={x+t(y-x)ly~Q(M) andtaO} 
be the cone over Q(M) with vertex x. Define A to be the intersection of all the cones C, for 
x E Q(M), A := r)xeqM) C,. Since O(M) is convex and is relatively closed in U, Lemma 4.4 
below (applied to the closure X of O(M) and to S = U) shows that O(M) = AnU. 
We claim that A is the desired rational locally polyhedral set. First we show that all 
cones C, are rational polyhedral cones. Let x E (D(M), and let P c U be a generic polytope 
containing x in its interior. Since a(M) is convex, C, is also the cone over Q(M,) with 
vertex x. In particular, C, is a rational polyhedral cone, and the tangent space of each facet 
is of the form to, where ti is an isotropy Lie algebra for the action of the torus T in 
a neighborhood of (I- l(x). 
Suppose next that K c t* is a compact convex subset with non-empty interior. Since the 
number of isotropy algebras for the T-action of W’(K) is finite, it follows that up to 
translation, the list of cones C, for x E K n@(M) is finite. Moreover, if C, is a translation of 
-. 
C,, then C, = C, since by convexity of O(M) the line segment xy 1s contained in both 
C, and C,. It follows that the collection of cones C,, xeKncD(M) itself is a finite list 
C1, . . , CN. This shows that A is a rational locally polyhedral set. 0 
In the proof we used the following lemma. 
LEMMA 4.4. Let V be a vector space, and X, S c V convex subsets with X closed. For 
euery XEX, let C, = {x + t(y - x)ly~X, t 3 O}. Then 
XnS = 
NON-ABELIAN CONVEXITY BY SYMPLECTIC CUTS 255 
Proof: The inclusion “ c ” is obvious. To prove the opposite inclusion, assume that 
(XnS) and S - (XnS) are non-empty (since otherwise there is nothing to prove). Let 
y E S - (XnS). We have to show that y # n xaXnSCx. Let r be a ray with vertex y which 
intersects XnS nontrivially. Since X is closed and convex rnX is either a closed ray or 
a closed line segment. Let x be the point in rnX closest o y. Then y does not lie in C,. Since 
S is convex, x is in XnS. cl 
In the last section, we will use the following corollary to Theorem 4.3. 
COROLLARY 4.5. Let (M, u) be a connected symplectic orbifold, and let a: M + t* be the 
moment map for a Hamiltonian torus action on M. If CD is proper as a map into a convex open 
set U, then for every 5 it, every local minimum of the function @ is a global minimum, where 
O<(m):= (Q(m), 4). 
Proof: Since the moment set D(M) is convex, its intersection with the affine hyperplanes 
N*I 5(x) = > a is connected for all a E R. Since the fibers of 0 are connected this implies 
that 
(G)-l(a) = Q>-‘({xEf*15(x) = a>) 
is connected for all a. The result follows. 0 
5. PROOF OF NON-ABELIAN CONVEXITY 
We now prove the non-abelian convexity and connectedness Theorem 1.1. Let d be the 
principal face. By Theorem 3.1, the principal cross-section Y := Q-‘(g) is a connected 
symplectic orbifold, and the restriction of CD to Y is a moment map for the action of the 
maximal torus of Y. Since a: M + g * is proper, the restriction @ 1 Y: Y + t* is proper as 
a map into the open convex set c. Therefore, by Theorem 4.3, the image cD( Y) is a convex set 
and is the intersection of 0 with a locally polyhedral set P, that is, Q(Y) = onP. By 
Theorem 3.1, @(M)ntf = Q(Y). Since the closure of a convex set is convex, the moment set 
@(M)ntT is convex. Since the closure of 0 is a polyhedral cone and since the intersection of 
the interior of the locally polyhedral set P with c is nonempty, the closure of the intersection 
anP is the intersection 6nP. Therefore 
@(M)ntT = anP = c?nP 
is a locally polyhedral set. Since both P and 0 are rational, the moment set is rational. 
It remains to prove that the fiber CD- l(x) is connected for all x~g*. Since the fibers of 
(I+, = @ 1 Y are connected, we know that the fibers of the restriction Q I G . Y are connected. 
Since G. Y is dense in M, we would like to conclude that all fibers of Q, are connected. 
However, this does not immediately follow. (Consider for example the map f from S2 c R3 
to S’ c C given byf(x1,x2,x3) = e”‘“. The map f is proper and all fibers are connected, 
except for the fiber over z = - 1.) We need the following topological fact: 
LEMMA 5.1. Let X be a normal topological space and {Vi},“,1 a sequence of compact, 
connected subsets with Ui+ 1 c Ui. Then their intersection C = n Ui is connected. 
Proof Suppose that C = CluC2 where C1 and C2 are closed and disjoint. We have to 
show that C1 or C2 is empty. Since X is normal, there exist disjoint open neighborhoods 
V1 1 C1 and V2 1 C2, The intersection of the sets Ul := Ui - (VIu V2) is empty. Since the 
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Vi are compact and Ui+ 1 c U,!, this implies that for k sufficiently large, the set U; is empty. 
Since U, is connected, this means that U,n V1 = 8 or Ukn V, = 8. Consequently, one of the 
sets Cn V1 = C1, Cn V, = Cz is empty. Cl 
The proof of the connectivity of the fibers @- l(x) for x E g* is now as follows. We may 
assume xEtT. Observe that CD- ‘(x) is connected if and only if @-‘(G. x) is connected. 
Indeed, the reverse implication is true since (D- '(G. x) = G. Q-‘(x) and the group G is 
connected. To see the forward implication it suffices to note that @‘- '(G . x) /G = @- ‘(x)/GX 
and G, is connected. 
To show that (I-‘(G. x) is connected, it suffices by Lemma 5.1 to show that for any 
convex open neighborhood B of x in t *, the closure of the open set CD-‘(G.(BntT) ) is 
connected. By Theorem 3.1, the intersection 
@-‘(G.(BntT))nG. Y = G.@-‘(B-w) 
is dense in @-‘(G . (Bntz)) and therefore also dense in its closure. Since Bnon@(M) is 
convex, hence connected and CD- l(y) is connected for any ye 0, the set G .(I)- ‘(ha) is 
connected and therefore its closure is connected. 
Remark 5.2. The assumptions in Theorem 1.1 may be relaxed as in the abelian case: 
instead of properness it suffices that there exists an invariant open set V of g* with 
(D(M) c I/ such that CD: M + V is proper and I/nt T is convex. 
6. LOCAL MOMENT CONES 
In [24] Sjamaar gives a prescription for reading off the local form of the moment set. We 
reprove one of his results, Theorem 1.2 (see also Karshon [12]) in the orbifold setting using 
symplectic cutting. As in [24], an important step is the following result: 
THEOREM 6.1. Let @: M + g* be a moment map for an action of a compact connected Lie 
group G on a symplectic orbifold (M, co). For every point m E tr, there exists a rational 
polyhedral cone C, c t* with vertex at Q(m), such that for every suficiently small G-invariant 
neighborhood U of m, the image @(U)ntT is a neighborhood of the vertex of C,. The cone C, 
is called the local moment cone for m. 
Proof: We will use the orbifold version of the local normal form theorem due to Marle 
[19] and, independently, to Guillemin and Sternberg [6]. The theorem asserts that an 
invariant neighborhood of a point m in a Hamiltonian G-manifold M is completely 
determined (up to equivariant symplectomorphism) by two pieces of data: (1) the value of 
the moment map Q, at m and (2) the symplectic slice representation of the isotropy group G, 
of the point. Recall that the symplectic slice at a point m is the largest symplectic subspace in 
the fiber at m of the normal bundle to the orbit G .m. The analogous result holds for 
Hamiltonian G-orbifolds (cf. [18])-the only difference is that the symplectic slice is no 
longer a vector space. Instead it is the quotient of a vector space by a linear action of 
a finite group. 
LEMMA 6.2. Let G be a compact Lie group, let (M,w) be a Hamiltonian G-orbifold, with 
moment map Q’, and rnE W'(0) a point in the zero level set. Let r be the orbifold structure 
group of m and G, x V/T + V/T be the symplectic slice representation at m. For every 
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G,-equivalent splitting g* g gi 0 gi, there is a G-invariant symplectic form on the orbifold 
F = G x G,(gi x V/T) such that the moment map QF: F + g* for the G-action is given by 
WCS> % VI) = 9. h + h(v)) 
where +v,r: V/T + g: is the moment map for the slice representation of G,. Moreover, the 
embedding of the orbit G. m into F as the zero section is isotropic and the symplectic slice at 
[ 1, 0, 0] is V/r. Consequently there exists a G-equivariant symplectomorphism 1 from a neigh- 
borhood U of G. m in M to a neighborhood U’ of the zero section in F, and l*QF = @ over U. 
We are now ready to prove Theorem 6.1. 
1. We begin by considering the special case Q(m) = 0. Because we are considering 
arbitrarily small neighborhoods, by Lemma 6.2 it suffices to consider neighborhoods U of 
the zero section of the model space F. Let V/r be the symplectic slice at m. Choose a G,- 
invariant complex structure on V/r which is compatible with the symplectic form; let 
p denote the norm squared of the induced metric. The model F is a complex orbi-bundle 
over G x G.gz. The multiplication action of U(1) on the fibers of F + G x G,gl is a Hamil- 
tonian action on the orbifold F, with moment map the function p defined above. The action 
of U(1) commutes with the action of G. Consequently the moment map @,,: F + [w x g* for 
the action of U(1) x G on F is given by 
Since & is proper, we can apply Theorem 1.1. Therefore, &(F)n([W x t*,) is a convex 
rational locally polyhedral set. In fact, since &)F is homogeneous (i.e., equivariant with 
respect o the action of [w+ which on F is given by t . [g, q, v] = [g, tq, &I] and on g* by 
multiplication) and since the number of orbit types in F is finite, &,,(F)n([W x t:) is a convex 
rational polyhedral cone. Since @,,(F)n t 5 is the image of @,,(F)n([W xt:) under 
7c:IWxf$ --+t;, it is also a convex rational polyhedral cone. 
2. Choose a G-invariant metric on g*, and let 8: F + [w be defined by 
b([g,q,v]) = p(v) + Ilrll. Then p^ is homogeneous and b-‘(O) is the zero section of F. 
Choose E > 0 sufficiently small so that the set {XE F [j?(x) < E} is contained in U. Let A be 
the lower bound on s- ‘(6) of the function 
f :F -+ R, f(x) = Ax) + ll%(4ll 
on F. Since f > 8, we have A > E. Let ~:={(t,cc)~IWxg*lItl+IlccII<~). Since 
II &(x)II > A if p*(x) 2 E, one has &(U) I> &(F)n@, which is a G-invariant neighborhood 
of 0 E&(F). Since &(F)n([W x t? ) is a convex rational polyhedral cone, the image of every 
neighborhood of the vertex of this cone under the projection Z: [w x t* + t* is a neighbor- 
hood of the vertex of ‘I$(F)ntf = 7c(&,,(F)nR x t:). It follows that G.Tc(~@! x tr)) is 
a G-invariant neighborhood of 0 in g* with the required property. 
3. Finally, we use cross-sections to reduce the general case to the case that Q(m) = 0. Let 
z be the (open) face containing Q(m). Let U, be the corresponding natural slice and 
R, = W’(U,) the natural cross-section. By equivariance of the moment map, we have 
@(G. R,)ntf = @(R,)nt*, . 
The Cartan subalgebras of G and G, are equal, but a Weyl chamber (tT)+ of G, is the union 
of certain Weyl chambers of G. Nonetheless, @(R,)n(tJ”)+ = @(R,)ntT , which means that 
we can apply Remark 3.9.~ to reduce to the case Q(m) = 0. 0 
We now prove Theorem 1.2. 
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ProoJ It suffices to consider an arbitrarily small G-invariant neighborhood U of m E M. 
By Theorem 6.1, there exists an open neighborhood V of Q(m) and a rational polyhedral 
cone C, c f* such that @(U)nt? nV = C,nV”. Since O(M)ntT is a convex rational 
locally polyhedral set, there exists a cone CL with vertex a(m) such that @(M)ntf nV = 
CLnV, after shrinking V sufficiently. Clearly, C, c Ck, so if CL # C,, then there exists 
a point x E t* which lies on a face of C,, but in the interior of CL. Since C, is closed and 
convex there exists 5 it such that a point in U mapping to x is a minimum for (I)< in Un Y, 
but is not a global minimum for @ on the principal cross-section Y. This contradicts 
Corollary 4.3. Therefore C, = CL and hence 
(@(M)ntT)nV = Ckn-Y. = C,nV = (tD(U)ntT)nV. 0 
Remark 6.3. If G = T is abelian, Theorem 1.2 implies that the map a: M + Q(M) itself is 
open, since for any set U, Q(U) = T. Q(U) = O(T . U). This is however not true for 
G non-abelian. 
Let M = S2 x S2 be the product of two spheres, with symplectic forms given by the 
standard area form. Let G = SO(3), and identify SO(~)* z lR3 and tT g {xix, > 0, 
x2 = x3 = O}. The diagonal action of SO(3) on M is Hamiltonian with moment map 
@(x,y) = x + y. The zero level set @-i(O) is the two-sphere ((x, - x)lx~S2}, and its 
intersection with the closure of the principal cross-section Y = @- ’ (t: - (0)) is the circle 
{(x, - x)lxeS2, x1 = O}. Let U be the open set U = M - Y. Then OE@(U), but D(U) does 
not meet t T - (0) and is therefore not an open neighborhood of 0. 
Remark 6.4. A corollary to the above theorems (or rather their proofs) is that if M is 
a Hamiltonian G-orbifold, with moment map CD, the local moment cone C, for a point 
mEa-’ does not vary as m varies in a connected component of a fixed fiber of 0. 
Indeed, if M is connected and @ is proper this follows from Theorems 1.2 and 6.1, because 
the local moment cone is equal to the cone with vertex at Q(m) over the moment set A. For 
the general case, we note that as above, we can use cross-sections to reduce to the case 
Q(m) = 0, and since the statement is local, it is enough to check it for the local normal form, 
F. Now the moment map @r is not proper. However, we may replace F by its cut 
F(- _, with respect o the S’-action generated by p. Since the moment map for the cut 
space is proper, the claim follows. 
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